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ABSTRACT 

Adsorption equilibrium constants for methyl oleate and methyl 
linoleate in vapor phase on supported copper and nickel catalysts 
have been determined using the technique of pulse gas chroma- 
tography. The results are discussed in relation to selectivity in fat 
hydrogenation. 

I NTRODUCTION 

Kinetic studies in heterogeneous catalysis involve theore- 
tical derivations of rate laws expressing react ion rates as a 
func t ion  of tempera ture  and concentra t ions .  The models 
will conta in  several parameters such as rate and equi l ibr ium 
constants  of adsorpt ion,  desorpt ion,  and surface reaction,  
which normal ly  will be de termined by regression methods.  
If the n u m b e r  of  parameters is large, it is of ten very difficult  
to discriminate between several physically sound rate laws, 
which may fit the experimental  data equally well. The 
numerical  values of rate and equi l ibr ium constants  will 
normal ly  differ f rom one model  to another .  Discr iminat ion 
may then be feasible if i ndependen t  data on, for instance,  
adsorpt ion properties are available. 

For  parallel and consecutive reactions, it is somet imes 
possible to explain the selective action of a catalyst  by a 
preferential  adsorpt ion of one compound .  In fat hydrogena-  
t ion it is generally accepted that  linoleic acid is more  readily 
adsorbed on nickel catalysts than is oleic acid. The surface 
coverage of l inoleic acid will then be much higher than that  
of  oleic acid and, .consequently,  hydrogena t ion  of dienoic 
acids will proceed more rapidly than hydrogena t ion  of 
monoenoic  acids. 

This paper deals with the experimental  de te rmina t ion  
of adsorpt ion equi l ibr ium constants  of oleic and linoleic 
acid methyl  esters on suppor ted  copper and nickel catalysts 

Notation A, column cross-section m a. a n b nth Fourier coef- 
ficients; c concentration of adsorb'ate in 15~]lkn'flow mol/m3; c = 

e/T cdt, normalized concentration of adsorbate in bulk flow; ci, 
O 

concentration of adsorbate in catalyst pores, mol/m 3 ; Ca, concentra- 
tion of adsorbate on catalyst surface, mol/kg; CTOT, actwe area of 
catalyst as measured by hydrogen adsorption, mol/kg; De, effective 
diffusion coefficient of adsorbate in catalyst, m2/s; Dea , axial dis- 
persion coefficient based on void cross-section, m 2/s; bn, nth coef- 
ficient in Hermite polynomial expansion; H_, nth Hermite poly- 
nomial- AHA adsorption enthalpy kJ/mol. /#i __ heat of vapori- 
zation, kJ/mol; ka, adsorption rate constant, m 3 leg ~; KA, adsorpuon 
equilibrium constant, m ~ K0, preexponential factor defined in 
Eqn. 8, m3/kg; kf, mass transfer coefficient, m/s; L, bed length, m; 
q, tlow rate, m3/s; R, particle radius, m; R m gas constant; t, time, s; 
T, temperature, K; TF, period of Fourier expansion, s; u = q/A, 
linear velocity, m/s; z, length coordinate in packed column, m. 
Greek symbols: ~ (t), Dirac delta function; eB, void fraction of bed; 
et), particle void fraction, p~, particle density, kg/m~; ~, radial 
c6ordinate in particle, m; p~, first absolute moment, P2, second 
central moment. 

and is part  of  a s tudy on the kinetics of hydrogena t ion  of 
fa t ty  acid methyl  esters in the vapor phase. 

Previous Work 

In recent years, much  work has been published on adsorp- 
t ion properties of light hydrocarbons  (1) and pe rmanen t  
gases (1, 2). However, the a m o u n t  of  work publ ished on 
adsorpt ion of heavier com pounds  is very limited. Denisov 
and coworkers (3) per formed work func t ion  measurements  
to determine the heats of adsorpt ion of cyc lopentane ,  
cyclopentene,  and cyclopentadiene  on Pd and Ni films. 
Adsorpt ion  of benzene  and cyclohexane on Ni and NiO was 
studied by Babernics et al. (4). Adsorp t ion  data on fa t ty  
acid methyl  esters or similar compounds  have no t  been 
reported in the l i terature.  

METHODS 

In 1965, Kubin  (5, 6) and Kucera (7) developed the theory  
of pulse gas chromatography.  The exper imental  system con- 
sists of a packed bed of porous adsorbent  through which 
inert  gas is flowing. A small pulse of  adsorbate is added to 
the inlet  stream and the out le t  response is mon i to red  as a 
func t ion  of t ime. Mathematical  model ing of this system 
reveals that  the response curve can be interpreted in terms 
of an axial dispersion coefficient,  an external  mass t ransfer  
coefficient,  an effective diffusivity, and adsorpt ion equili- 
b r ium and rate constants .  During the last ten years, the 
Kubin-Kucera  me thod  has been used by several investigators 
to determine adsorpt ion  and mass transfer propert ies (8-  
10). Wiedemann et al. (11) and Schneider  et al. ( 1 2 ) f o u n d  
excellent  agreement  be tween  adsorpt ion equi l ibr ium con- 
stants obta ined from pulse gas chromatography measure- 
ments  and values ob ta ined  from other  methods.  

M a t h e m a t i c a l  M o d e l  

Flow in a packed bed with porous adsorbent  can be de- 
scribed by three mass balances. If radial symmet ry  is 
assumed, the equa t ion  governing the bu lk  flow may  be 
wri t ten 

~2c ~c 1-eB 3 D e i~c i [ ~c 
Dea~-z2 - u  - -  J = - -  [1] 

~z e B R ~ ~=R ~t 

A symbol  list is given at the beginning of the paper. 
Mass transfer wi th in  a spherical porous particle is de- 

scribed by Equat ion  2. 

D.e e [02ci  2 0ci] = _~ Oc a 0c i 
ep L - ~  + ~ ~ j  ep ~t + a--t- [2] 

The mass balance of an adsorbed c o m p o u n d  is given by 
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TABLE I 

Initial and Boundary Condit ions  for the  Kubin-Kucera Model  

D e \ ~ j  I/Bci'~ ~=R = kf "Lc(z,t)- ci(R,z,t) J "~ external mass transfer 

c < ~ ifz:/=-0 
ci<oo i f z ~ 0  
ci-+ 0 if t-+ + ~ 
Ca-+ 0 i f t ~ -  +~  
c -+ 0 i f t - + -  + ~ "  
c(O,t) = 6(0) (Dirac delta function) 

6 

Equation 3. In Equation 3, we have assumed a linear 
adsorption isotherm. If surface coverage is kept  very low, 
this assumption is justified. 

Ic Ca I ~ ka i - K ~  A - at  [ 3 ]  

Initial and boundary conditions are summarized in Table I. 
Solving Equations 1-3 for c(t,L) and fitting the theore- 

tical expression to the experimental response curve give the 
appropriate values of the parameters Dea , kf, De, ka and 
K A. However, an analytical solution of this complex system 
of partial differential equations cannot be obtained. Kubin 
(5,6) and Kucera (7) showed that Laplace transformation 
of Equations 1-3 yields a system of ordinary differential 
equations which can be solved analytically in the Laplace 
domain. The inverse transformation cannot be carried out 
but  the expansion in Hermite polynomials finally gives the 
time domain solution (7). 

r ' ] [ (_t-'u")a l = s  hn H exp f41 
n L/,&- 7 2 ~  J 

A more convenient way of solving the problem is de- 
scribed by Gangwall et al. (13). They used Fourier transfor- 
mation and obtained a time domain Fourier  expansion of 
the response curve, which is more readily applicable for 
computer  use. 

c*(t,L) ~ a n sin nlr t n u t  = - - -  + ~" b n c o s - -  [51 
n=l T F n=0 T F 

where 

an = fl (Dea, kf, De, KA, ka) [61 

bn = f2 (Dea, kf, De, KA, ka) [71 

The parameters in Equations 6 and 7 characterize four 
different processes taking place in the catalyst column. Dea 
accounts for axial mixing in the bulk flow, kf is determined 
by the magnitude of external mass transfer. Diffusion in the 
pores of the catalyst is described by the effective diffusivity, 
De, and finally, adsorption by the rate constant k a and 
equilibrium constant K A. All these processes occur simul- 
taneously and, if properly designed, a single experiment  
should suffice to determine all parameters. Inspection of 
the solution of Equations 1-3 reveals that only K A affects 
the retention time of an adsorbate pulse, while a change in 
any other parameter  in Equations 6 and 7 will alter the 
shape of the response curve, but  not  the retention time. 
This means that  K A is easily determined,  bttt that  in many 
cases it may be difficult to determine more than one of  the 

FIG. 1. S c h e m a t i c  f low diagram of  the experiment. (1) Carrier gas 
(N2); (2) N2; (3) evaporator; (4) gas sampling valve; (5) GC; (6) 
chart recorder.  

remaining parameters. In this work axial dispersion in the 
columns has been excessive since the columns were made 
very short  in order to avoid too long retent ion times and 
too much broadening of the pulses. Therefore,  within a 
reasonable range of values, the influence of  ka, kf, and D e 
on the predicted c(t,L) values was small and consequently 
they were poorly determined,  while Dea and K A were 
more accurately determined.  

E X P E R I M E N T A L  PROCEDURE 

Apparatus 

A schematic diagram of the apparatus is given in Figure 1. 
A conventional gas chromatograph (GC), Carle model  311, 
equipped with a flame ionization detector  was used in the 
experiments.  The GC separation column was replaced by 
a 1/4 in. SS tube filled with the catalyst, in which adsorp- 
tion took place. The methyl  esters were evaporated into a 
stream of nitrogen in a packed bed evaporator,  held at a 
constant temperature.  The system was equipped with two 
similar evaporators,  one for methyl  oleate and the other for 
linoleate. This facilitates alternation between oleate and 
linoleate, ensuring that  each oleate run has one linoleate 
run performed under identical conditions with respect to 
gas flow, temperature,  and catalyst activity. Injection of 
the inlet pulse into the carrier gas stream was facilitated by 
a gas sampling valve. Outlet  pulses were moni tored  by a 
chart recorder. 

M A T E R I A L S  

The catalysts used in this investigation were prepared by an 
impregnation technique. Cylindrical alpha-alumina pellets 
were activated in an air stream for 14 hr. After  being cooled 
to room temperature,  the pellets were soaked in solutions 
of copper and nickel nitrate,  respectively, for 2 hr. The con- 
centrat ion of  metal salt was 0.05 moles per liter. In order to 
distribute the metal as homogeneously as possible in the 
pellets, the viscosity of the solution was increased by the 
addition of 0.5% by weight of methyl cellulose (14). 

The excess metal salt on the outer surface was quickly 
washed off in distilled water and the catalysts were dried 
and calcinated in air at 500 C for 3 hr. Reduct ion was 
carried out in hydrogen atmosphere at 500 C. for 3 hr and 
at 250 C for 3 hr. 

The catalysts were ground and sieved before being filled 
into the column. The fraction kept  was between 0.5 and 
1.5 ram. In order to obtain a constant  activity, the catalysts 
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TABLE II 

Properties of  Catalysts and Columns 

TABLE lII 

Experimental Conditions 

Catalyst Ni Cu 

H= adsorption 
(mol H/kg catalyst) 0.86 X 10 -3 0.36 • 10 -3 

Metal content (%) 0.1 0.1 

Total surface 
area (m =/g) 3.5 3.5 

Particle diameter 
(mm) 0.5 -1.5 0.5 -1.5 

Particle porosity 0.45 0.45 

Particle density 
(kg/m 3 ) 2138 2138 

Bed length (mm) 251 60 

Column diameter (mm) 4.7 4.7 

Bed void fraction 0.52 0.47 

Weight of catalyst 
in column (g) 4.9 1.1 

Ni catalyst Cu catalyst 
Oleate Linoleate Oleate Linoleate 

Temperature range (C) 141-200 148-210 169-216 169-216 
Total flow rates (mL/s) 0.4-0.8 0.4-1.3 0.7-1.3 0.7-1.3 
Number of runs 18 29 12 14 

In Figure 2, the  response curves for  the two  sequent ia l  
runs are p lo t ted .  The  difference shown in Figure 2 be tween  
oleate and l inoleate  is more  or  less p ronounced  at all experi-  
menta l  condi t ions  and for  both catalysts.  The  f ron t  of  the 
oleate curve is steeper,  indicat ing a somewha t  s lower 
adsorpt ion.  Owing to the uncer ta in ty  in the  de te rmina t ion  
of  the adsorpt ion  rate constant ,  discussed above,  this could  
not  be verified by o u r  calculations.  Adsorp t ion  equi l ib r ium 
constants  vs inverse t empera tu re  curves are given in Figure 
3. The  hea t  of  adsorpt ion  was easily calculated f rom the 
van ' t  Hof f  equa t ion  

K A = K 9 e x p ( - A H A / R g T )  [8] 

were condi t ioned  by hydrogena t ion  at 220 C for 12 hr 
before  being used in the adsorpt ion  exper iments .  

Metal surface areas were  de termined  by hydrogen 
adsorpt ion in a static vacuum apparatus.  This me thod  is 
well established for nickel but  its suitabil i ty for  copper  
surface measurements  seems to be disputable.  Total  metal  
contents  were measured by an a tomic absorpt ion spec- 
t rometer .  Tota l  surface area was determined by adsorpt ion 
of  ni trogen at - 1 9 6  C. The BET m e t h o d  was used for 
evaluat ion of  these measui 'ements.  

The proper t ies  of  the catalysts and columns are summar-  
ized in Table 1I. 

RESULTS A N D  DISCUSSION 

Exper imenta l  condi t ions  and number  of runs are summar-  
ized in Table II1. 

c k  max 

Results of  these calculat ions are given in Table  IV. Confi-  
dence intervals have been calculated on the 95% level. 

The values presented in Table  IV indicate that  me thy l  
oleate is more  s t rongly bound  to the copper  catalyst  than 
to nickel,  whereas bonding  strength for  l inoleate  is equal 
for  nickel and copper .  

It is also interest ing to note  the agreement  be tween  the 
heats of  adsorpt ion  and heats of  vaporizat ion.  With one 
excep t ion  (methyl  oleate on copper) ,  the  di f ference is less 
than 25%. Similar  results have been obta ined  for  o ther  
compounds  by o ther  investigators (see Table  V). Values of  
heats of  vapor iza t ion  have been taken f rom (15). t teats of  
vapor iza t ion  for  me thy l  oleate and l inoleate  were deter- 
mined  f rom the t empera tu re /vapor  pressure relat ionship at 
the out le t  of  the evaporators  (saturated mixture)  using the 
equat ion  

vapor pressure ~ exp (-AHvap/RgT) [9] 

1.0 

0.5 

0 
0 

I i I I I I I I I I I 

30 60 90 120 150 180 210 240 270 300 330 t ,  

FIG. 2. Pulse response curves for copper catalyst: methyl linoleate; . . . . . . .  methyl oleate.  

sec 
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FIG. 3. Plot of adsorption equilibrium constants, KA, vs inverse temperature. 
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predicted . . . . . .  

TABLE IV 

Heats of Adsorption 

--AHA(kJ/mol) 
Cu Ni 

Methyl oleate 115 + 9 85 + 6 
Methyl linoleate 97 -+ 16 94 + 6 

When discussing kinet ics  and  se lect iv i ty ,  c o m p a r i s o n  of  
a d s o r p t i o n  equ i l i b r ium c o n s t a n t s  may  be  in te res t ing  s ince 
th'e m a g n i t u d e  o f  the  e q u i l i b r i u m  c o n s t a n t s  yields  i n f o r m a -  
t ion  a b o u t  surface  coverages.  

A large value of  K A ind ica tes  a high surface  coverage.  
In Table  VI, K A has b6en  ca lcu la ted  at  t h r ee  t e m p e r a t u r e s .  
The  d i m e n s i o n  of  K A in Table  VI is t h a t  a d e q u a t e  for  
E q u a t i o n s  1-3.  The  m o r e  c o m m o n l y  used d i m e n s i o n  

bar  -1 m a y  be  arr ived at b y  m u l t i p l y i n g  wi th  1 /CTo  T RgT. 
F r o m  Table  VI and  Figure  3, i t  may  be  seen t h a t  w i t h i n  

the  range of  t e m p e r a t u r e  of  in te res t  the re  is ha rd ly  any  
d i f fe rence  b e t w e e n  the  e q u i l i b r i u m  c o n s t a n t s  for  o lea te  and  

TABLE V 

Comparison Between Heats of Adsorption and Heats of Vaporization 
m 

- -AHvA P --AH A 
Compound T (C) kJ/mol T (C) kJ/mol Catalyst Ref. 

Cyclopentane 25 28 
50 27 20-190 12 Pd, Ni (3) 

Cyclohexane 25 33 60-160 21-23 Ni 
81 30 60-180 26-27 NiO (4) 

Benzene 25 34 160-220 34 Ni 
81 31 160-220 33 NiO (4) 

propanol 97 11 7 Silica (17) 
115 Cu a 

Methyl oleate 1-50 74 a 160-200 85 Ni a 
97 Cu a 

Methyl linoleate 150 74 a 160-200 94 Ni a 

aThis work. 
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ADSORPTION EQUILIBRIUM CONSTANTS 

TABLE Vl 

Adsorption Equilibrium Constants (m 3/kg Catalyst) for Methyl Oleate and Methyl Linoleate 

Ni catalyst Cu catalyst 
Temperature (C) Oleate Linoleate Oleate Linoleate 

150 3.7 X 10 -2 3.2 X 10 -2 2.1 1.2 
180 7.4 X 10 -s 5.3 X 10 -s 2.4 X 10-' 1.9 X 10 -2 
214 1.5 X 10 -3 9.7 X 10 -~ 2.8 X I0 -a 3.1 X 10 -2 
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linoleate if compared for the same catalyst. Between the 
copper and nickel catalysts there is, however, a difference 
of nearly two orders of magnitude. Thus, if we look again 
at the copper and nickel catalysts separately, surface cover- 
ages of oleate and linoleate should be nearly equal, and the 
difference in rates of hydrogenation for the two compounds 
may not be attributed to a large difference in surface 
coverage. 

When comparing copper and nickel, the values presented 
in Table VI indicate a much higher surface coverage of both 
oleate and linoleate when using copper as hydrogenation 
catalyst. This may be surprising since it is well known that 
nickel is far more efficient than copper in catalyzing hydro- 
genation reactions. More light might be shed upon this 
problem by investigating the part played by hydrogen. It 
may also be noted from AH A values in Table IV that oleate 
is very strongly bound to the copper surface, which may be 
partly poisoned by oleate, thus lowering catalytic activity. 
A rough estimation of average lifetimes in the adsorbed 
state (16) reveals that the mean residence time on the 
copper surface exceeds that of linoleate by a factor of 100 
at 180 C. 

Now the question remains whether these results ob- 
tained in a gas phase will stand the testing in a real liquid- 
phase system. This has not yet been done, but in vapor- 
phase hydrogenations of methyl oleate and linoleate on 
copper and nickel catalysts, we observed the same kind of 
selectivity pattern aa is known from liquid-phase hydroge- 
nations of methyl esters and vegetable oils. 
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APPENDIX 

SOLUTION OF EQUATIONS 1 AND 3 

The Method of Moments 

The solution of the set of partial differential equations 1-3 
proposed by Kubin (5,6) and Kucera (7), is based on the 
Laplace transformation. The transformed equations consti- 
tute a set of ordinary differential equations which can be 
solved analytically. 

The Laplace domain solution is given by (12) 

s(z,p) = Co [1--exp(--pta)]  exp(--3,z) [Al l  

where s(z,p)/p is the Laplace transform of the concentration 
c(z,t) defined by 

o o  

s(z,p)/p = f c(z,t) exp(--pt) dt [A2] 
0 

and 

7 ---- --  2De----~ 2Dea ) + 1 +h(p) l  [A3I 

where h(p) is given by the following expression: 

3 kf 1 -  eB 
h(p) = - -  [A4] 

R e B 

(p D e / k f ) x ~  cos h(RVr~) + p ( 1 -  ~--~-f )sin h(Rx/-~) 

where 

)~ pep  

De I 1 (pp/ep) K A ka 1 
[ASI 

Inversion of the transform is not  feasible. However, it is 
possible to obtain explicit expressions for the moments of 
the effluent curve from s(p,z). 

Using the important properties of the Laplace transform 
A6-A8 (capital letters denote Laplace transforms), 

t 
f gl (t)dt = 1 G 1  (p) [A61 
o P 
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d n 

t n g2(t) = ( - 1 )  n ~ [G2(p)I  [A7] 
dp n 

lira ga( t)  = lira p G3(p)  [18]  
t-+oo p-*0 

and the def ini t ions  of central  m o m e n t s  ttn and absolu te  
momen t s  m n of the ef f luent  pulse 

o |  

mn = f t n c(z,t)dt [A9] 
0 

~n = (1/mo) 7 (t-#'x)n c(z , t )dt  [A10] 
o 

where kt~l is the first  absolute  mo me n t ,  one obtains  

d n 
m n = ( -1 )  n lim - - -  [s(z ,p) /p]  [111]  

p ~ 0  dpn 

F rom equat ions  A1 and A 9 - A l l ,  the central  momen t s  
of the curve may  be expressed as fol lows 

{ } tl 
, =--L 1 + (1-eB)ep/e B (l+pp KA/r p) + - -  [A12] 

#1 u 2 

#2 = 2L/u I (1 -eB)/e B [pp Kk/k a + R2/(3De ) (ep+pp KA )~ 

(1/5+De/Rkf) ] +Dea/U 2 [ l + ( 1 - e B ) / e B ( e p + p p  KA~I= 

+t~/12 [113]  

Higher momen t s  (cf. 12) are even more complex  funct ions  
of  the parameters  KA, ka, kf, Dea and D e- 

The t ime doma in  so lu t ion  c(L, t )  may  f inal ly be calculat-  
ed using a Hermite  po lynomia l  expans ion  

( (t-U'l)2~ 
-n~='~O . n  { t i n ;  ~ exp - [114]  c * ( t , L ) -  h n ~ . ~ _ 1  ~ ] 

where c*( t ,L)  is the normal ized  response curve and H n is 
the  nth Hermi te  po lynomia l .  

By using the expl ic i t  express ions  for  H n and the or tho-  
gonal i ty  of  the Hermi te  po lynomia l s ,  the coeff ic ients  h n 
may  be expressed through the mo men t s  as fol lows (cf. 13): 

h0 = m0/2"/2-~= [A15] 

, h ,  = h= = 0 [ A 1 6 ]  

h 3 =ga/[3!  4--ff'(21rls2) 2] [A171 

h4 = (04 - 3U~)/[4! ,/'~-(2Ua) s/2] [A18] 

The Fourier Method 

Gangwal et  al. (13) suggested a so lu t ion  of Equat ions  A 1 -  
A3, based on the Four ie r  t ransformat ions .  

The Four ie r  t ransform of  the normal ized  o u t p u t  curve 

c(t,L) 
c* (t,L) [A19] 

c(t,L)dt 

is by def in i t ion  

c*(iCo) = 7e-iCotc*(t,L)dt = ~Tf e.iCot c*(t,L)dt [A20] 
0 0 

where  co is the angular  f requency  co = nn /Tf  and Tf  the 
per iod.  Separa t ion  in to  real and imaginary  parts  yields 

2Tf n n t 2Tf 
c*(iu))= f c*(t,L) c o s ( - - ) d t - i  f c*(t,L). 

o T f  o 

�9 sin( n n t  )dr [A21] 
Tf 

Solving the t r ans fo rmed  set  of  equa t ions  y ie lds  

c* (iCo)=exp [ uL - L a4-7-- cos ~ ]  �9 
2Dea 2 

- [cos (L  q4-ff-sin~) - i sin (L ,/-d sin )] 

where 

[A22] 

o = ~ [A23] 

qJ = arc tan ( ~ )  [A24] 

o~= ( ~ e a )  2 3k f (1 - eB)+  R Dea e B ' 

�9 [- x cos M sin h N + y sin M cos h Nq 

U J x: + y:  [A25] 

' = __DeaC~ R3kf (l'-eB) Ix sin M c~ h N - Y c~ M sin h N l D e a  e B x = + y= [A26] 

x and y are ca lcula ted  f rom 

X=kfDe,/'7-- [ c o s ~  cosMcoshN-s in (92  s i n M s i n h N ]  + 

+ (1 - . .~- - )  cos M sin h N [A27] 
KKc f 

De (9 (9 
Y= W ( c o s ~  s i n M s i n h N + s i n  2 c o s M c o s h N ) +  

(, + - sin M cos h N [A281 

M and N are given by 

(9 
M = R4-~-- sin - [A29] 

2 
(9 

N = R~'5 cos - [A30] 
2 

7 is calculated f rom 

V = ~ r  + v 2 [ A 3 1 ]  

and 

V 
| = arctan ( - )  [A32] 

w 

where 

I PP KA ka 1 
v=co De~ + De(k a+co2 K~) 

[A331 

pp K~ k ~2 ka 
w = [A341 

De(ka+co 2 K k )  
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T h e  n o r m a l i z e d  t i m e  d o m a i n  s o l u t i o n  c* ( t ,L )  m a y  b e  
e x p r e s s e d  as an  i n f i n i t e  F o u r i e r  ser ies  ove r  t he  i n t e rva l  

0 ~ < t ~ < 2 T f .  

n•= 
nTr t  ~ n n t  

c*(t,L) = a n sin + n~O b n cos - -  [ A 3 5 ]  
=1 Tf  Tf 

w h e r e  
1 2Tf n 7r t 

an = ~ff o y c*(t,L) sin ( - -~ - f )  dt [ A 3 6 ]  

a n d  

1 2Tf 
b o - f c*(t,L) dt [ A 3 7 ]  

2Tf o 

1 2Tf n r r t  
b n = ~ f  of c*(t,L) cos ( ~ - - f )  tit, n > 0 [A381  

C o m b i n i n g  E q u a t i o n s  A 2 1 ,  A 2 2  a n d  A 3 6 - A 3 8  f i n a l l y  
y i e ld s  t h e  e x p r e s s i o n s  f o r  t h e  F o u r i e r  c o e f f i c i e n t s  a n a n d  b n 

a n = ~ff exp L,/-ff--cos �9 s i n ( L , / - S s i n ~ ) [ A 3 9 ]  

bn = Tf-- exp 2D~-  a L,/~ cos -2 �9 cos (Lf 'd  sin ~ ) [A401 
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